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l This column is devoted to mathematics 

for  fun. What better purpose is there 

for  mathematics? To appear here, 

a theorem or problem or remark does 

not need to be profound (but it is 

allowed to be); it may  not be directed 

only at specialists; it must  attract 

and fascinate. 

We welcome, encourage, and 

frequently publish contributions 

f rom readers--either new notes, or 

replies to past columns. 

�9 / Please send all submissions to the 

Mathematical Entertainments Editor, 

Alexander  Shen, Institute for Problems of 

Information Transmission, Ermolovoi 19, 

K-51 Moscow GSP-4, 101447 Russia; 

e-mail:shen@landau.ac.ru 

S everal  years  ago, reading the 
Problems sec t ion  of  the 

A m e r i c a n  Mathematical  Monthly, I 
came  across  the fol lowing problem:  

Consider  two parabolas :  y = a x  2 + 
bx + c and y = dx  2 + ex + f ,  inter- 

sect ing in two points .  Let 1 be their  
c o m m o n  chord, and  m be  the tan- 

gent  to both  pa rabo las  that  touches  
them at X and Y. Then 1 in tersec ts  
m in the point  Z, which  is the mid- 

po in t  of  XY (Figure 1). 
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The solut ion used  some  computa t ions  
in coordinates ,  and I s t a r t ed  to think 

whe the r  a more  geometr ica l  one ex- 
ists. Then I real ized tha t  there  was a 
s imi lar  p rob lem about  circles:  

Cons ider  two circles  in tersect ing in 
two points.  Let l be  the i r  c o m m o n  
chord,  and m be  the  c o m m o n  tan- 
gent  touching ci rc les  at  poin ts  X 
and Y. Then 1 in te rsec ts  m in the  

po in t  Z that  is the  midpo in t  of  XY 

(Figure 2). 

I G U R E ;  

The second  prob lem has  a s imple so- 
lution: it  is well  known  that  Z X  2 : 

ZP �9 ZQ (tr iangles Z P X  and ZXQ are  

similar); for  the same reasons  Z Y  2 = 
ZP �9 ZQ, so Z X  = ZY. 

It turns  out  that  there  are  many  
o ther  examples  of  s ta tements  abou t  

circles  para l le l  to s ta tements  abou t  

parabolas .  Here is one: 

Let ABC be  a triangle. Let poin t  B '  
lie somewhere  on the line AC, poin t  
C'  lie somewhere  on AB, and po in t  

A '  lie somewhere  on BC. Then the 
c i rc les  c i rcumscr ibed  a round  tr ian- 
gles AB'C' ,  A'BC' ,  and A ' B ' C  haCe 

a c o m m o n  in tersec t ion  po in t  

(Figure  3). 

B 
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The para l le l  s t a tement  about  pa rabo la s  
reads  as  follows: 

Let ABC be  a triangle. Let po in t  B '  
lie somewhere  on the line AC, poin t  

C' lie somewhere  on AB, and po in t  
A '  lie somewhere  on BC. Then the 
three  pa rabo las  going th rough  the 
po in ts  A B ' C '  (the fLrst one),  A'BC'  
( the s econd  one), and A ' B ' C  (the 
th i rd  one)  have a common  intersec-  
t ion po in t  (Figure 4). 
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To give another  example ,  we have to 
ex tend  our  d ic t ionary  giving the cor- 
r e spondence  be tween  not ions  re la ted 

to circles  and parabolas .  F o r  example,  
"concentr ic  circles" should  be  trans- 

la ted  as "parabolas  wi th  a common  
axis  obta ined  one from the o ther  by a 
shift  along this axis". This t ransla t ion 

is used  in the following s ta tements :  

A line in tersects  concec t r ic  circles 

at the  four poin ts  A1, B1, B2, A2. 
Then the segments  AIB1 and B2A2 
are  equal (Figure 5). 

: I G U R E  ! 

@ 
A line in tersects  "concentr ic"  parabo-  

las (in the sense exp la ined  above)  at 

the  four  points  A1, B1, B2, A2. Then the 
segments  AIB1 and B2A2 are equal 
(Figure 6). 

Still ano ther  ex tens ion  of  our  dictio- 
na ry  would  be the  t rans la t ion  of  an id- 

iomat ic  express ion  "line goes  through 
the cen te r  of  a circle", which  becomes  
"line is paral le l  to the  axis  of  a 
parabola" .  This t rans la t ion  is used  in 

the  following s ta tements :  

If a circle is inscr ibed  in a quadri- 

lateral,  then the midpoin t s  of  the di- 
agonals  and the cen te r  of  the circle 
lie on a s traight  l ine (Figure  7). 
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(This s t a t ement  is somet imes  cal led 
Newton ' s  theorem.)  The paral le l  state-  

men t  for  pa rabo las  is: 

Four  tangents  to a pa rabo la  inter- 

sec t  to form a quadrilateral .  Then 
the line that  goes through the mid- 

po in ts  of  the diagonals  of  the 
quadr i la tera l  is paral le l  to the  axis 
of  the  pa rabo la  (Figure 8). 

These  (and many other)  examples  

give us  a s t rong feeling that  there  is 
some  genera l  pr inciple saying that  

every t rue  s ta tement  about  c i rc les  (in 
a cer ta in  language) can be t rans la ted  

into a t rue  s ta tement  about  parabolas .  
Unfortunately,  it is not  c lear  how to 
formula te  a prec ise  general  pr inc ip le  

of  this type. 
Instead,  let  us see  how the s tate-  

ment  abou t  parabo las  can be der ived  
from the s ta tement  about  circles.  

Recal l  our  first  pai r  of s ta tements ;  let  
us  p rove  tha t  the  c o m m o n  tangent  
to two pa rabo las  is divided into equal 
segments  by  their  c o m m o n  chord  

(Figure 1). 
Assume  that  it  is not  the case, and 

the in te rsec t ion  point  is not  the  mid- 

point.  A p a r a b o l a  can be app rox ima ted  
by  an el l ipse that  has one of  i ts focuses  
far away. Consider  such e l l ipses  for  
both  parabolas .  The c o m m o n  chord  of  

the e l l ipses  will be close to the  com- 
mon chord  of  the  parabolas ,  and  the 
c o m m o n  tangent  for the el l ipses  will be  
c lose  to the  common tangent  for  the  
parabolas .  Therefore,  if e l l ipses  are 

c lose  enough to the parabolas ,  the 
c o m m o n  chord  to them will in te rsec t  
the  c o m m o n  tangent  not  in the  middle  
point.  One may  assume bo th  e l l ipses  to 
have the  same  rat io of axes. Then we 
can apply  an affine t ransformat ion  to 

t ransform the el l ipses into two circ les  
for which  the common  chord  does  not  
in te rsec t  the  common tangent  at the  
midpoint ,  which  is impossible.  Q.e.d. 

A similar  a rgument  can be appl ied  

to o ther  examples  given above.  
However,  some addi t ional  tr icks a re  
needed.  For  example ,  cons ider  the  

s ta tement  abou t  the four tangents  
(Figure 8). If we  try to use  the s ame  
method,  we come  to a p ic ture  that  dif- 

fers from Figure 7: see  Figure 9. 

i 

However,  if  the  s ta tement  (saying 

that  the cen te r  of  the circle and the  
midpoin ts  of  d iagonals  lie on a s t ra ight  
line) is t rue for  Figure 7, it should be  
also t rue for Fig. 9. The explana t ion  

goes as follows. Consider  polar  coor-  

dinates  on the circle; let  4)1, 4)2, 4)3, 4)4 
be the angle coord ina tes  of  the tangent  
points.  Then the  coord ina tes  of  all  

o ther  poin ts  are  rat ional  funct ions of  

sin 4)1, cos  4)1, sin r cos  r etc. Using 
the subst i tu t ion ti = tan(4)i/2), we see  
that  the coord ina tes  of  all points  a re  

rat ional  funct ions  of  tl, t2, t3, t4. The 
s ta tement  in ques t ion ( three points  lie 
on a s t raight  l ine) is an identi ty in- 
volving those  coordinates .  Therefore,  

if it is t rue in the  ne ighborhood  of some  
point  (as Figure 7 shows),  it  should be  
t rue for all va lues  of  ti, and therefore  
also for the  Fig. 9 configuration. 
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Let ter  to the  Column Editor 
In your  ar t ic le  on 3-dimensional  p roofs  
of  p lanar  theorems,  one of  my favori te 
examples  of  tha t  k ind was  missing. Do 
you know the fol lowing 3-dimensional  

p roof  of  Br ianchon ' s  Theorem (saying 
that  the main  diagonals  of  a hexagon 

V O L U M E  21, N U M B E R  1, 1999 



c i rcumscr ibed  about  a circle meet  at  

one point)?  
Proof: Cons ider  the circle as a plane 

sect ion going th rough  the center  of  a 
hyperbolo id  of  one sheet.  There are 

two families of  s t raight  lines on the hy- 
perboloid,  say  A and B, such that  

through every po in t  on the hyperbolo id  
passes  exact ly  one line of  each  family, 
and every line in family A meets  every 
line in family B. Let 1, 2 , . . . ,  6 be the  

six points  where  the  s ides  of  the hexa- 
gon are tangent  to the  circle. Consider  

the lines 11 , . . . ,  16 that  lie on the hy- 
perbolo id  and pass  through 1 , . . . ,  6, 

respectively.  Lines 11,13,15 are in family 

A and 12,14,16 a r e  in family B. Since the 
neighbor  lines are  in different  families, 
they intersect  to form a 3-dimensional  

hexagon; its top  view is our  original 
hexagon.  (The ver t ices  of  this  3-di- 

mensional  hexagon  are  deno ted  by 12, 
23, 34, 45, 56, 61 in the  sequel.) 

Consider  now lines 11 and 14. They 

belong to different  families,  so they in- 
te rsec t  each o ther  and lie in some 

plane P14. Planes  P25 and P36 are de- 
fined in a s imilar  way. Now let us look 

at  the in tersec t ion  line of  p lanes  P14 
and P25. Points  12 and 45 lie on both  
planes,  so the  in te rsec t ion  of  these  two 

p lanes  is the diagonal  12-45. Since we 
have three  planes,  there  a re  three  in- 
te rsec t ion  lines (12-45, 23-56, 34-61), 

and  the poin t  Q where  the th ree  p lanes  
mee t  is the point  where  these  three  

l ines meet.  The top view of  each of  
these  lines is a main diagonal  of  our  
original  p lane hexagon,  hence  the top 

view of  Q is the point  whe re  the main  

diagonals  meet.  
There  is a vers ion of  this  p roof  

which  works  for all f ields k of  charac-  

ter is t ic  r 2 ("circle" mus t  be  rep laced  
by "conic"; in charac ter i s t ic  2 the  
Br ianchon theorem m a k e s  no sense,  

s ince  in that  case all the  tangent  l ines 
to a conic  meet  at one po in t  and hence  
the  diagonals  of  a c i r cumscr ibed  hexa-  

gon are  not  defined).  Suppose  that  we 
have a conic C in a pro jec t ive  plane p2 

over  k. We may  assume that  k is alge- 

bra ica l ly  closed, that  P~ lies in the 3- 
d imensional  project ive  space  p3 with 

homogeneous  coord ina tes  (x:y:z:w), 
tha t  pe is given by the equat ion x + 

w = 0, and that  the conic  C is the  in- 
t e r sec t ion  of  the "hyperboloid" H given 
by  the equation xw - y z  = 0 with p2. 
Writing every point  (x:y:z:w) E p3 as a 

matr ix  with the rows ( xy )  and (zw),  we 
see  that  poin ts  of  p3 co r r e spond  to 

23 

56 

12 

61 

non-zero 2 x 2 matr ices  X, cons ide red  
up to a sca lar  factor. In t e rms  of  ma- 

t r ices  the  equat ion of  H is de t  X = O; 
the equat ion of  the  plane p2 is Tr X = 

0; and  the equat ion of their  in tersec-  
t ion C is X 2 = 0. There are two fami- 

lies of  l ines on H, say A and B, and  
every tangent  p lane to H in tersec ts  H 

in the  union of  an A-line and a B-line. 
For  every  po in t  on C, represen ted  by  a 
(ni lpotent)  mat r ix  X0, the equat ion of  
the p lane  tangent  to H at this  po in t  is 

Tr XX0 = 0. Since TrX0 = 0, sca la r  ma- 
t r ices  sat isfy  this equation. Thus all 
p lanes  tangent  to H at  points  of  C pass  
through the poin t  E E p3 r ep re sen ted  

by sca lar  matr ices .  Now we can r epea t  
the above  proof:  given a hexagon  S in 
p2 whose  s ides  are  tangent  to C, con- 
s t ruct  a 3-dimensional  hexagon S ' ,  us- 

ing in turn  A- and B-lines, such  that  S 
is the p ro jec t ion  of  S '  f rom E onto  p2. 

(In the  real  case  cons idered  above,  E 
was the  po in t  at infinity in the  direc- 

t ion of  the  axis  of  the hyperboloid .  
Note tha t  the assumpt ion  char  k se 2 
implies  tha t  the  point  E is not  on p2.)  
The main  diagonals  of  S '  mee t  at  one 

point,  s ince  the  three  p lanes  P14, P25, 
and P36 through the oppos i te  s ides  of  
S'  mee t  at  one point. It fol lows that  the  
main d iagonals  of  S also mee t  at one 

point.  
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